Abstract. In this paper we consider modular forms f (z) whose q-series expansions where ν is a place over in O K , can hold for only finitely many primes ≥ 5. To obtain this, we establish an effective bound on in terms of the weight and the structure of f (z).
Introduction and statement of results
One important function in the study of modular forms is the modular function j(z), which has where q = e 2πiz . This is also often referred to as a q-series expansion.
This function plays a role in many areas, from the definition of the isomorphism classes of elliptic curves to the representation theory of the Monster group. Its coefficients have been found to satisfy interesting congruence properties. In 1949, Lehner [3] proved the following congruences for c(n), It is natural to ask whether Lehner's list is complete, and in the 1970s Serre [5] Every such modular function can be canonically factorized
,
where P 1 and P 2 are polynomials in j(z) with coefficients in O K,ν and E b is the Eisenstein series of even weight b, where b ∈ {0, 4, 6, 8, 10, 14} and b + 12c = k (cf. Corollary 3). By convention, we let E 0 (z) := 1. Let d 1 denote the degree of P 1 , and d 2 the degree of P 2 . Lastly, assume that for some n ≡ 0 (mod ), b(n) ≡ 0 (mod ν). We now state our main theorem. Theorem 1. Assume the notation and hypotheses above. If ≥ 5 is a prime for which b( n + a) ≡ 0 (mod ν) for all n, then
Remark. The case of j(z) suggests that this bound is nearly sharp. For j(z), d 1 = 1 and d 2 = k = b = 0 and this theorem gives a bound of ≤ 13, while Lehner proved congruences for j(z) for = 2, 3, 5, 7, and 11.
In the next section, we lay the groundwork for our results. We begin with the canonical factorization for modular forms of non-positive weight given in equation (2), and use it to translate the study of congruences for modular forms of non-positive weight to that of related holomorphic modular forms. We then relate the study of congruences mod ν to the theory of filtrations mod ν, describe the algebra of modular forms mod ν, and introduce the Tate cycle, which will serve as a central tool in proving the finiteness of primes at which congruences can exist. In Section 3, we prove our results.
Preliminaries
A modular form f (z) of integer weight k is a meromorphic function on the upper half of the complex plane H, which satisfies
. Such a function is a holomorphic modular form if it has no poles either on H or at i∞. For the remainder of this paper, let M denote the algebra of all holomorphic modular forms and M k the algebra of all holomorphic modular forms of weight k. Note that M = N M k is a graded algebra. A holomorphic modular form is a cusp form if it vanishes at infinity. Equivalently, a holomorphic modular form is a cusp form if its q-series expansion has no constant term. Furthermore, we refer to weight zero modular forms as modular functions.
The Eisenstein series of weight k for even k ≥ 2 is defined by
where B k is the k th Bernoulli number and σ k (n) := d|n d k . For k ≥ 4 even, E k is a holomorphic modular form of weight k. Also define E 0 (z) := 1. The Eisenstein series E 2 (z), E 4 (z), and E 6 (z)
play particularly important roles. Following Ramanujan, we will denote them
Another important modular form is the cusp form
which has weight 12.
To prove Theorem 1, we apply the theory of modular forms modulo ν. However, this theory only applies to holomorphic modular forms. Therefore, we must first establish a connection between the congruences of modular forms of non-positive weight and those of related holomorphic (and therefore positive weight) modular forms. An essential step is to show that a modular form of non-positive weight −k can be canonically factorized. This follows from the standard result [1] stated below in Lemma 2. We account for multiplicity by appropriately repeating zeroes and poles which have order greater than one.
Lemma 2. Every modular function g(z) is a rational function of j(z), say P 1 (j(z))/P 2 (j(z)), where the degree d 1 of P 1 is the number of zeros of g(z) on H and the degree d 2 of P 2 is the number of poles of g(z) on H. Specifically, if g(z) has zeros z 1 , . . . , z N and poles p 1 , . . . , p N on H, then g(z) is equivalent to a nonzero constant multiple of the function
Lemma 2 allows us to canonically factorize modular forms of weight 0. We generalize to modular forms f (z) of possibly non-zero weight by applying Lemma 2 to the modular function
where b ∈ {0, 4, 6, 8, 10, 14} and b + 12c = k. Note that E b (z) and ∆(z) are both holomorphic and hence contribute no poles. By the valence formula, ∆(z) contributes no zeroes, and E b (z) can contribute at most three zeros. Noting also that the degree of P 2 can be less if some of the poles of f (z) coincide with the zeroes of E b (z), we obtain the following corollary.
Corollary 3. The modular form f (z) has a canonical factorization
where the degree of P 1 is at most three more than the number of zeroes of f (z) on H and the degree of P 2 is at most the number of poles of f (z) on H.
This canonical factorization, along with the lemma below, will allow us to translate the study of congruences for modular forms of negative weight into the study of congruences for related modular forms of positive weight, to which the theory of filtrations can be applied.
For a power series f (z) = ∞ n=n0 b(n)q n , we define the U operator as follows:
This is a natural operator to consider as b( n) ≡ 0 (mod ν) for all n if and only if f |U ≡ 0 (mod ν).
for all n if and only if
for all n.
Proof. Recall that
implying that the two sides must also be congruent modulo ν. Then,
A congruence α( n + a) ≡ 0 (mod ν) holds if and only if (q −a f )|U vanishes modulo ν. Since g ≡ 0 (mod ν), (q −a f )|U · g vanishes if and only if (q −a f )|U does, so the lemma holds.
Define the operator Θ on the graded algebra of holomorphic modular forms
In terms of q-series,
By direct manipulation, one can show that if f (z) is a modular form of weight k, then 12Θf (z) − kE 2 (z)f (z) is a modular form of weight k + 2 [6] . Let the operator ∂ be defined as
Note that both Θ and ∂ are derivations. They will play an important role in the remainder of this paper. Some important values of ∂ calculated in [6] are listed below.
It is well known that every holomorphic modular form can be written as an isobaric polynomial in E 4 and E 6 -that is, as a sum of monomials of equal weight. Let A , B ∈ Q[Q, R] be the polynomials such that
Now we turn our attention to modular forms modulo a prime . A modular form is reduced modulo by reducing all its q-series coefficients modulo . Let M denote the algebra of all reductions of modular forms modulo . In his seminal paper concerning -adic modular forms, Swinnerton-Dyer presents the following basic facts [6] .
Theorem 5. If ≥ 5 is prime, then the following are all true:
(ii) ∂A = B , ∂B = −QA ;
(iii) A has no repeated factors and is relatively prime to both B and ∆;
In this paper, we are interested in modular forms whose Fourier series coefficients are in the localization of a ring of algebraic integers O K,ν . Take O K to be the ring of algebraic integers of a number field K/Q. Let ν ⊂ O K be a place over , and denote by M the reductions mod ν of
The following lemma states the results of [6] in the more general context of algebraic integers. Let σ denote the field O K,ν /νO K,ν .
Lemma 6. Assume the notation above. If ≥ 5 is prime, then the following are all true:
Proof. Statements (i) and (ii) follow directly from Theorem 5 and the fact that any congruence modulo also holds modulo ν. Additionally, Swinnerton-Dyer shows that A is relatively prime to B when factored over the algebraic closure of F , so (iii) holds in this context as well.
To prove part (iv), we first show that
] is generated by polynomials in Q and R with coefficients in O K,ν . We know that M k is a finite dimensional vector space with basis and E 6 for Q and R. The argument presented in [6] showing that α is a principal ideal generated by A − 1 applies here as written, with σ substituted for F .
We have developed the preceding theory in order to study congruences of modular forms through their filtrations. Recall b( n) ≡ 0 (mod ν) for all n if and only if f |U ≡ 0 (mod ν). For any z ∈ Z, z not a multiple of , Fermat's little theorem implies z −1 ≡ 1 (mod ), which in turn implies z −1 ≡ 1 (mod ν). Therefore, applying the definition of Θ in (10), we have that
if and only if b( n) ≡ 0 (mod ν). Comparing Θ −1 f to Θf will be a central tool in determining the existence of congruences.
For the remainder of this section, we take all q-series to lie in
Definition. The filtration of a q-series f (z) with respect to ν is defined by
Similarly, we will let W (f ) denote the weight of f (z).
Definition. The Tate cycle of a holomorphic modular form f (z) is defined to be the sequence of filtrations
Fermat's little theorem shows that this sequence is indeed cyclic because, by (10), Θ i f (z) ≡ Θ i+ −1 f (z) (mod ν) for i ≥ 1, and hence the sequence is periodic after the first term. The following lemma helps to characterize the structure of the Tate cycle for holomorphic modular forms by constraining the places where the Tate cycle can drop.
, where α ≥ 0 with α > 0 if and
Proof. Let g(z) be a modular form of weight k = w ν (f ) such that g(z) is the reduction of f (z) modulo ν. By the definition of the ∂ operator (11), as well as the congruences A ≡ 1 (mod ν) and
The last expression is a modular form of weight k+ +1, yielding the desired inequality. Additionally, it can be written as a polynomial Ψ = A ∂φ+kB φ, where φ is the polynomial such that φ(E 4 , E 6 ) = g(z). By assumption, W (g) = w ν (g), so by Lemma 6, A does not divide φ. If k ≡ 0 (mod ), the fact that (A , B ) = 1 and that A does not divide φ shows that A cannot divide Ψ. Conversely, if k ≡ 0 (mod ), then A does divide Ψ, and α ≥ 1.
Henceforth we adopt the convention of saying that the Tate cycle drops at
Modular forms of negative weight
To show that a modular form f (z) of negative weight can have a congruence b( n+a) ≡ 0 (mod ν)
for only finitely many , we establish an effective bound of in terms of k and the divisor of f (z).
We begin with the following important lemma.
Lemma 8. Let f (z) be a holomorphic modular form with weight k. Let φ ∈ O K [Q, R] be the polynomial representation of f (z). For all integers r, define t a,r as follows:
(i) If a < 0, then t a,r := 0.
(ii) If a = 0, then t a,r is the coefficient of Q k−6r 4 R r in φ.
(iii) If a > 0, then t a,r := (2a + k + 4 − 6r)t a−1,r−1 + 6(r + 1)t a−1,r+1 − (a − 1)(a + k − 2)t a−2,r .
For all non-negative integers n and a, define c n,a := 0 when n < a, and c n,a := (−1) a n!(n + k − 1)! 12 n a!(n − a)!(a + k − 1)! otherwise. Then for all integers n ≥ 0 and primes = 2, 3,
Proof by induction on n. By the definitions of c 0,a and t 0,r and the fact that f (z) can be represented as an element of O K,ν [Q, R], the lemma holds for n = 0.
Assume that it holds for n. Knowing the values of ∂P , ∂Q, and ∂R (12), we obtain
Applying the inductive hypothesis yields
Using (17) and the fact that Θ is a derivation, we can now expand the above to get
Now, we reindex the summation to regroup terms and pull a c n+1,a to the front. Note that this reindexing both introduces new terms and omits old ones, but that each of these terms is 0, so equality holds. As such, we have that
Applying the definition of t a,r , we obtain
This completes the induction, and the result follows.
Lemma 8 implies the following useful corollary.
Corollary 9. Assume the notation above. Let f (z) be a holomorphic modular form whose weight is k = m − k 0 for 0 ≤ m and 0 ≤ k 0 < , and let φ ∈ σ[Q, R] again denote a polynomial representation of f (z). Then
where g(z) is of weight k + 2(k 0 + 1).
Proof. Letting n = k 0 + 1, we recall that
Recalling that c n,a vanishes for a > n, we assume that a ≤ k 0 + 1. If a = k 0 + 1, the factorial in the numerator contains one more power of than one in the denominator and the coefficient vanishes modulo ν. Then the only terms remaining modulo ν are those for which a = k 0 + 1, which contain no powers of P .
We now have the tools necessary to prove our main theorem.
Proof of Theorem 1. Assume the notations and hypotheses in the statement of Theorem 1. We prove this result by contradiction. Assume that > 12d 1 + 24d 2 + 12d 2 k + bk + 2(k + b + 1) + 1;
we will show that there cannot exist a congruence for f (z) at . Since f (z) is not holomorphic, the theory of filtrations cannot be directly applied to it. Instead, we consider the canonical factorization of f (z),
where φ i := ∆ di P i is a holomorphic modular form and define We now turn our attention to the Tate cycle of ϕ, beginning with the filtration of ϕ itself. Recall that f has weight −k, and let 0 ≤ k 0 ≤ − 1 be such that k 0 ≡ k (mod ). Due to our assumption on ,
Therefore, Υ must be congruent to a polynomial in σ[Q, R] of weight (12d 2 + b + 2)(k 0 + 1) + 12d 1 , and the filtration of Θ k0+1 ϕ must be (12d 2 + 12m + b) − k + 2k 0 + 2 unless
However, A has no repeated factors and is relatively prime to ∆, so to show this is not the case, we need only that
Remark. Condition (21) is sufficient to show that there is no congruence, and we have yet to apply our assumption about the size of . Thus, assuming = 2, 3, this condition can replace the limit on the size of with this, yielding a more powerful but less simple theorem.
However, we know that Θ k0+1 φ ≡ 0 (mod ν), so E b φ 2 Υ ≡ 0 (mod ν). Additionally, our assumption on the size of shows that
so the weight of A is greater than the weight E b φ 2 Υ, and (21) follows. Thus,
and (19) holds, which completes the proof that no congruence exists when a = 0.
Remark. In the theorem statement, is bounded by a function of k. More precisely we see here that is bounded by a function of k 0 , and for certain primes this bound will be stronger. However, the bound given in the theorem, which does not depend on , clearly suffices.
We now turn to the case a = 0. In Lemma 3 of [2] , it is shown that This sum of modular forms of distinct weights is equivalent to zero modulo ν, hence there must be cancellation in this sum among forms of the same filtration.
By assumption, Θϕ ≡ 0 (mod ν), and because w ν (Θ m ϕ) ≡ w ν (ϕ) + 2m (mod − 1), the only value of n for which Θ n (ϕ) could have the same filtration as Θϕ is 
